We discuss orbiting resonances in two-state curve crossing systems. A semiclassical quantisation condition determining complex-energy resonance poles is derived.
Introduction
Recently, semiclassical approximation methods have been developed for characterising and computing resonances defined as complex-energy poles of the S matrix, i.e. by means of purely outgoing (Siegert) boundary conditions. Until now the theory and applications have been restricted to single-channel resonances, i.e. metastable states in potential-well-potential-barrier tunnelling systems (Korsch et al 1981 , 1982a , b, Korsch and Mohlenkamp 1982 , Connor and Smith 1982 . (Note, however, the recent successful semiclassical treatment of quasiresonance poles for purely repulsive exponential potentials (Korsch and Thylwe 1985) .) The complex-energy semiclassical quantisation does not suffer from the notorious breakdown in the vicinity of and above the potential barrier. Comparison with available exact numerical results showed a remarkable accuracy of the semiclassical poles E = ER -ir/2, even for resonances with very large widths r 2 E,. Similar results could be obtained for field ionisation resonances (Korsch and Mohlenkamp 1983) . A recent review has summarised the semiclassical methods and results.
The semiclassical complex-energy quantisation of resonarces can also be extended to the analysis of resonances in curve crossing systems. In the following we restrict ourselves to the simplified but nevertheless important case of a two-state system. The semiclassical theory of resonances for predissociation, where one of the channels is closed, has been briefly described by one of the authors . It is the aim of the present paper to extend the semiclassical complex-energy resonance theory to the treatment of two-state orbiting resonances and to test the applicability of the method and the quality of the results by an application eo realistic systems. Numerical results for low-energy charge transfer N3++ H -+ N2+ + H+ collisions can be found in 0 3. The effects of orbiting resonances in the integrated reaction cross section for this process have previously been studied semiclassically using modified Stiickelberg expressions for the partial-wave S-matrix elements (Thylwe and BBrAny 1985) . The paper concludes with a short discussion in P 4.
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Semiclassical curve crossing resonances
For two-state curve crossing systems we are concerned with the solution of the coupled radial equations where the diabatic channel potentials V , ( r ) and V2( r ) contain the effective centrifugal potential V,!(r) = ~, ( r ) + I ( I + l ) h ' / 2 m r~ j = l , 2
with angular-momentum-( I ) independent parts V j ( r ) . Here we consider only the 1-independent radial coupling V I 2 ( r ) = Vzl( r) (for a discussion of a semiclassical treatment of angular coupling see Allan and Korsch (1984) ). The diabatic potentials cross at rx which is real valued, in contrast to the adiabatic crossings discussed below. Adiabatic potentials V,( r ) are defined by diagonalisation of the potential matrix
The upper surface V+ and the lower surface V-show an avoided crossing on the real r axis. They actually cross at two complex-conjugate points r, and r: in the complex r plane. It is worthwhile to note that r x , r, and r: are all independent of 1. V+ and V-represent two sheets of a common Riemann potential surface, with branch cuts emanating from the intersection points r,, r:.
Resonances for system (1) are defined as complex-energy poles of the partial-wave scattering matrix SI or-equivalently-by imposing purely outgoing (Siegert) boundary conditions for the wavefunction, which can only be satisfied for certain complex energies E, = E~( n ) -$r( n ) .
Semiclassically, transitions from one potential surface to the other can be explained-both qualitatively and quantitatively-by the intuitively appealing picture of complex-valued classical trajectories following the potential surface, passing around the complex intersection points and appearing on a different Riemann sheet on the other side. A lucid discussion of this point, and applications to simple model systems, has been given by BBrBny and Crothers (1981) (see also Crothers (1971), Miller and George (1972) and the review on non-adiabatic charge transfer by Crothers (1981)).
The semiclassical S matrix for general curve crossing systems (showing, for instance, potential wells and potential barriers in addition to the crossing) can be obtained by complex continuation of the semiclassical wavefunction into the complex r plane, paying attention to Stokes' lines, branch cuts and the multisheeted nature of the potential. Such a procedure, following essentially the lines described by various authors (see e.g. Froman and Froman 1965 , Knoll and Schaeffer 1976 for elastic scattering, has been developed by one of the authors and will be published elsewhere (Thylwe 1985) . Here we make use of a different semiclassical technique, namely the diagrammatic approach developed by Child (1974 Child ( , 1980 , which presents a very useful framework for combining various elementary WKB connection formulae to treat more complicated systems. The method is ideally suited for determining semiclassical quantisation conditions for resonance poles. Let us first review the elementary cases.
(i) Free propagation of the semiclassical wave from point rl to point rz on a single potential surface leads to a phase factor exp (iS,,,) , where is the classical action integral from rl to r2 divided by h. p(r) is the classical radial momentum on that surface.
(ii) Reflection from a classical turning point leads to an additional phase factor of (iii) The amplitudes of the semiclassical waves on both sides of a potential barrier are related by the matrix equation (Connor 1968 , 1973a , b, Child 1974 , 1980 ) (see figure 1 )
with
The primes denote flux to the right (') and to the left ("), as indicated by the arrows in figure 1. E in equation (5) is proportional to the phase integral across the barrier:
where b and c denote left and right turning points, defined in this order, for real energies below the barrier maximum and their complex continuation. For real energies below the barrier, E is negative real. A* is given by where r is the gamma function. Equation (5) is uniformly valid and shows no discontinuities if the energy is raised to values above the barrier. It should furthermore be noted that for real energies below the barrier we obtain, in the limit E + -a (infinitely thick barrier), A* + e-mG or 
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with from which we easily deduce pure reflection and the well known phase factor --i (see (ii)).
(iv) For passage through a curve crossing the semiclassical connection formula of the amplitudes is known to be (compare e.g. Bandrauk and Child 1970 , Child 1974 ) (see figure 1)
Here the prime superscript ( I ) again denotes flux from left to right and the * subscript distinguishes waves on the upper (+) or lower (-) surface. B* is given by v in (9) is proportional to the phase integral along a contour encircling the complex intersection points of the potentials V+ and VFor real energies well above the crossing region, v is positive real and e-2Tu is the non-adiabatic transition probability in a single crossing. For the opposite case, with flux from right to left ( ' I ) , the amplitudes are connected by with Note the striking similarity between (8), (11) and the barrier connection equation ( 5 ) ! In equations (8) and (11) the phase reference point i must be chosen in the middle of the crossing region; more precisely i is determined from where p,(r) are the radial momenta on the potential surfaces V: . Let us now consider two limiting cases. In the limit of small coupling (the diabatic limit) the complex intersection points converge towards the crossing point of the diabatic potentials and v goes to zero as well as B'. The system follows the diabatic curves in this case. In the limit of large coupling (the adiabatic limit), on the other hand, v goes to infinity with Re v > 0 and the asymptotic form of the gamma function in equation (9) leads to B ' + 1 in this limit. The system follows the adiabatic potentials.
The various elementary building blocks ('diagrams') can now be used in combination for a study of more complicated situations. It should be noted, however, that the results obtained in this way can break down if the various building blocks are not sufficiently separated. This will be clarified by the example discussed below in 0 2.2.
Single-channel orbiting resonances
In the simplest case of a shape (or orbiting) resonance we have a combination of a transition through a potential barrier and a reflection from a turning point a (see figure 2). Some authors tend to distinguish between shape and orbiting resonances. The former are viewed as being produced by oscillations in the potential well decaying by tunnelling through the barrier, and the latter are described by classical trajectories orbiting on top of the potential barrier (Korsch and Thylwe 1983) . In the present semiclassical analysis both pictures are unified and a smooth transition from sharp (i.e. shape) to broad (i.e. orbiting) resonances is obtained. Equation (1 8) is the well studied quantisation formula, which determines the complex-energy resonance poles E, for orbiting (shape) resonances (Korsch et a1 1981 , 1982a , b, Connor and Smith 1982 , Korsch and Mohlenkamp 1983 .
Coupled channel orbiting resonances
Orbiting (or barrier) effects in coupled channels can occur in various ways. Here we discuss two important cases called internal or external orbiting (see Thylwe and Biriny 1985) . In both cases a potential with a well and a barrier (which is possibly generated by the centrifugal repulsion) is crossed by a repulsive second state. In the case of internal orbiting the crossing occurs at large distances (figure 3) and for external orbiting at short distances (figure 4). In the following we derive the semiclassical complexenergy resonance conditions for both cases. 
Inserting equation (24) into the crossing connection formula (8)
B --exp( -TV)
) w:
and using equation (26) we see that non-trivial solutions exist only if
is satisfied, which is the desired semiclassical quantisation condition for the resonance poles. Equation (30) 
where
N X ( E ) = T-'{P++ (2i)-' h[(B-)2 exp(2ia+)+exp(-2n-v+2ia-)]}
is the curve crossing ( x ) quantisation form previously derived for predissociation (compare Mohlenkamp 1985) . In the limit of an infinitely thick barrier the upper channel becomes closed. In this case we have effEA++ 1 (compare the discussion in (ii) at the beginning of this subsection) and equation (32) reduces to the predissociation case
On the other hand we can consider the diabatic and adiabatic limits of the curve crossing process. In the first case we have v + O , B-+O (compare the discussion in (iv) above) and
Xx(E)-, (a-+P+)l.rr.
In the adiabatic limit and hence goes to zero and B -approaches unity (compare (iv) above)
In both cases the curve crossing orbiting formula (31) reduces to the single-channel equation (18), where the phase integral a over the potential well is replaced by the diabatic (a-+ p+) or adiabatic (a+ + p+) expression.
In closing this section, we would like to point out that the transition between external and internal orbiting is not smoothly described by the present semiclassical technique, as is obvious from the diagrammatic approach, which treats the orbiting and crossing regions as separated.
Numerical techniques
It will be useful to make some general remarks on the computational methods which are used to solve the semiclassical resonance-pole quantisation equations (18) and (32). First is is clear from the discussion above that all of the semiclassical quantities, i.e. turning.points, phase integrals, etc, are calculated at complex energies; this generates no computational problems. It is necessary, of course, to select the appropriate turning points-there can be many of them in the complex plane (see e.g. Thylwe 1985) . This selection can be facilitated by tracing the turning points back to real energies. The ,phase integrals between turning points or complex intersection points of the potential surfaces are evaluated by Gauss-Mehler quadrature as well as their derivatives with respect to the energy (Korsch et a1 1981,1982a) . It is unavoidable, however, to check carefully that the chosen integration path never crosses a branch cut of the potential surface, a square root, etc, or to take this explicitly into account. Convergence onto the desired resonance, specified by the quantum number n, is then achieved by a complex Newton root searching procedure, starting from an initial guess obtained (for example) from the previous resonance n -1. Finally, it should be noted that numerical round-off errors may lead to problems for extremely narrow resonances, (r<< ER) where the width r is several orders of magnitude smaller than the real part.
For such cases an expansion of the semiclassical formulae about the real energies is recommended. This leads to an explicit quantisation formula for the real part E R only. The width can be directly expressed as a function of E R .
N3+ + H charge transfer
An interesting test case for an application of the semiclassical complex-energy quantisation for orbiting resonances in curve crossing systems is provided by very-low-energy collisions of multiply charged ions, which are currently of interest and under active study by various groups (see e.g. Thylwe and B6r6ny 1985 , Rittby et a1 1984 , Gargaud and McCarroll 1985 . In such systems the strong Coulomb repulsion leads to the occurrence of curve crossings, and the centrifugal barrier in the initial state can capture the system in a long-lived quasimolecular state giving rise to sharp resonance structures in the charge transfer cross sections.
As an example, the (NH)3' system, more precisely the transition N ' + ( ls22s2)'S+ H( 1s) + N2+*( 1~~2~~3~)~s + H+ has been studied recently by several authors (see Thylwe and BBrQny 1985 , Rittby et a1 1984 , Gargaud and McCarroll 1985 . Exact quantum computations of total cross sections at very low energies ( s l eV) and, more importantly in the present context, of complex-energy resonance poles, analysing in part the resonance structures of the cross sections, have recently been carried out by Rittby et a1 (1984) using Weyl's theory and complex scaling for coupled channels (Rittby et a1 1982 (Rittby et a1 , 1983 . We use their potential parameters: the diabatic potentials and the interchannel coupling are given by VI( r ) = ( q -1)r-I -A E v2( r ) = Dr-' -i~~q ' r -~ VI,(,) = Vor2 exp(-cr) (37) with q = 3, A E = 0.235, D = 4000, CY = 4.5, V, = 0.5, c = 1. All parameters are given in atomic units. The reduced mass is taken to be 1713.5 au.
The diabatic potentials cross at rx = 8.64 and the potential energy at the crossing point is -0.0035. For low values of the orbital angular momentum 1 the potential barrier in the upper channel is located at large distances, giving rise to external orbiting.
With increasing values of 1 the orbiting maximum, located at approximately rorb = (2ma)"'/(l+$), moves in. It passes the crossing region at I = (2n1a)"~q/r, =43, and
for larger values of 1 we have internal orbiting. Figure 7 shows the adiabatic effective potentials for 1=25. The upper curve possesses a small barrier (magnified in the inset in figure 7 ) giving rise to external orbiting. The adiabatic effective potential curves for 1 = 7 5 are presented in figure 8.
In this case we have internal orbiting. (Rittby et a1 1984) (for the states (n, I ) = (1,24) and (1,25) we list corrected exact results (Elander 1985 , Rittby 1985 ). For 1=75 we have an internal orbiting resonance (Rittby 1985) , in all other cases external orbiting.
Semiclassical
Exact a factor of two. In all of the cases shown in table 1 the real parts of the resonance energies differ by less than approximately 10%. The inclusion of the coupling is therefore essential.
5, Conclusions
In this study we have derived an appealing and numerically convenient theory of semiclassical complex-energy resonance poles in orbiting curve crossing situations. The formulation allows a unified description of orbiting resonances as well as Feshbach (predissociation) resonances. Applications to a realistic system modelling N3++ H + N2++ H+ charge exchange, where a comparison with exact quantum results is possible, confirm the applicability and reliability of the semiclassical approach. Future research will be devoted to answering in detail an open question in the present study, that of the uniform transition through the crossing region, as well as the global behaviour of the multichannel resonance poles in the complex-energy plane (the 'pole trajectories'), if certain parameters of the system are varied.
